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A new computational algorithm for the estimgtion of parameters in ordinary differential
equations from noisy data is presented. The algorithm is computationally faster than quasi-
linearization because of the reduction of the number of ordinary differential equations that
must be solved at each iteration. A modification is also presented to remove ill-posedness. The

algorithm is illustrated on a simple example.

The estimation of parameters in a mathematical model
from noisy experimental data is an important problem in
process analysis and adaptive control. Let us consider the
case in which the model consists of a set of ordinary dif-
ferential equations. The estimation of parameters in ordi-
nary differential equations has received much attention (1
to 3). Various numerical techniques, such as quasilineariza-
tion (3 to 5) and steepest descent (6) have been suggested
and demonstrated in the literature for this problem.

When the observation process is continuous in time, the
necessary conditions for minimization of the objective func-
tion result in a two-point boundary value problem, the
solution of which is often highly sensitive to the initial
guesses of the unspecified boundary conditions. When the
observations are made at discrete times, the usual quasi-
linearization routine is an initial value problem. However,
there are (n + )2 matrix differential equations involved,
where n and [ are the state and parameter vector dimen-
sions, respectively, limiting the usefulness of the algorithm
to small values of n and L Finally, if the system is ill-posed,
that is, when large changes in parameter values cause only
small changes in the objective function, convergence of
any algorithm is extremely unstable.

The objective of this paper is to present a new com-
putational algorithm for the estimation of parameters in
ordinary differential equations which alleviates the diffi-
culties noted above. Specifically, we present an algorithm
which, in the continuous measurement case, does not in-
volve a two-point boundary value problem and which, in
the discrete measurement case, requires fewer equations
to be integrated per iteration than quasilinearization. Also,
we show how ill-posedness may be simply removed. The
only requirement that must be satisfied is that for the given
set of error-free measurements there exists a unique set of
parameters, that is, the system is observable with respect
to the parameter vector.

PROBLEM STATEMENT
We consider a system governed by
£(t) = f(t,x,p) (1)
2(0) =z (2)

where x is an n-vector and p is an l-vector of constant
parameters. The observations of the system are related to
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the state by
y(t) = h(t,x) + (errors) 0=t=T (3)

where y is an m-vector of observations. The problem is to
find the value of p which minimizes a least square objective
function. If the observations are taken continuously in time
t, the objective function is

T
1p) = f g6 = hit,x(t p)) e dt (4)

where the norm
[ly(¢) — h(t, x(t; p))||%aw
= [y(t) — h(t,x(t; p)) 1T Q(¢) [y(t) — h(t,x(t;p))(%)

and x(t; p) denotes the solution of Equations (1) and
(2). If the observations are made only at discrete times,
t, s, . .., ts, then I is given by

I(p) = 2 [ly (&) — h(t, x(t; p))||Pac (6)
i=1

Since Equation (4) can be reduced to Equation (6) by
replacing Q(t) by Q(t) 8(t — t;), where 8(¢ — ;) is the
Dirac delta function, we will henceforth consider the ob-
jective function of Equation (4). We assume that f and
h have continuous first-order partial derivatives with re-
spect to their arguments. Finally, we assume that the error
free system, no errors in Equation (3), is observable with
regard to p, that is, there exists a unique value of the
parameter vector p* at which I(p®) = 0.

A NEW ALGORITHM

Assume we have an initial guess p® which generates a
trajectory of Equations (1) to (3) denoted by x'®. To
describe the trajectory of Equations (1) to (3) generated
by p® 4 §p® we can linearize Equation (1) about x‘®
if 8p‘® is chosen such that for some 4 > 0

[x® () — =@ (@) || <= (7)

Then we can write the following unique perturbation
equations (7, 8)

5% (0 = £, (0850 | f (0355 (8)
x®(0) =0 (9)
8y(® = h,(0§x(©® (10)
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)
where f;© denotes [ —_ etc.
X 7 2(0),p(0),

Substituting the solution of Equations (8) and (9) into
Equation (10), we obtain

Sy (t) = g0 (t) sp® (11)
where
09 (t) = h D (¢) (12)
t

PO = f. 00t NfOmd  (13)

and the fundamental matrix ® (%, r) satisfies

P (0 t,
LA LL . [0 @@ (¢, 7) (14)
at

@9 (t,t) = I (identity matrix) (15)

It can be easily shown that D‘®(¢) is the matrix of sensi-
tivity coefficients, (9x/9p) (o) pc0), Which satisfies

D©® = £,OD® 4 f,© (16)
D©®(0) =0 (17)

Finally, 8p‘® can be evaluated from

8p® = KO (T) -1 ";T 09 (£)T Q(t)8y® (¢) dt
(18)

where

T
KO(T) = j; VT Q(L)gO(t) dt (19)

If K®(T) is nonsingular, there exists a unique perturba-
tion 8p‘® corresponding to the perturbation 8y®. This jm-
plies that the system of Equations (1) to (3) is locally ob-
servable with regard to p‘® at (x@, p®) (8).

The objective of the parameter estimation method is to
use Equation (18) to improve an initial guess p‘® and
subsequent values of p denoted p¥. However, in order to
use Equation (18) we must pay special attention to 8y®.
Theoretically, 8y is given by y@*+1 — y® however, in
any jteration y“**1 is unknown because p©*% is unknown.
Thus, to use Equation (18) we need to find a way of com-
puting 8y©. Let us replace dy‘® by

Sy = e [y(t) — h(t,2®)] (20)

for some ¢ > 0 such that Equation (7) is satisfied. Com-
bining Equations (18) and (20) we obtain for the ith
iteration

T
B = KO(T)1 f, 09 (5)7T Q1)

[y(t) — h(t,x®)] dt (21)

Equation (21) provides the basic algorithm to update p®.

Recapitulating, we have determined a relation between
a perturbation in the parameter vector and a perturbation
in the observations. This relation is Equation (18). Then,
assuming that the perturbation in the observations can be
approximated by Equation (20) for a small enough €, we
obtained the key relation Equation (21). From a compu-
tational point of view, the new algorithm is used as
follows:

1. Select ¢, Q(¢) and an initial guess p®.

2. Integrate Equations (1) and (2) to generate x(®,

3. Integrate Equations (16) and (17) and compute §®
from Equation (12). Compute K@ (T) from Equation
(19) and 8p'® from Equation (21).
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4. Continue steps 2 and 3 until |[8p®|] is less than a
preset criterion,

Actually Equation (21) can be derived in a different
way. At any siep in the iteration Equation (4) can be
written as

T

1) =, flg=h® = (h— hO) o dt (22)
Linearizing h about A

h — B = h,® DD §pt 4 0(sp=) (23)

Substituting Equation (23) into (22) and neglecting
second-order terms

T
I(8p®) = J; [ly — A9 — By® DD gp®| |29, dt

(24)
Using the stationary condition
ol
—_——=( 25
a(8ph) (25)

and solving for 8p®, we obtain Equation (21) with « = 1.

RELATION OF THE NEW ALGORITHM
TO QUASILINEARIZATION

A relevant question is what is the relation of Equation
(21) to the quasilinearization approach for estimation of
parameters in ordinary differential equations. We can show
that the extension of the quasilinearization method applied
to the case of discrete measurements will yield Equation
(21) with proper choices of the boundary conditions for
the homogeneous and particular solutions of the linearized
state equation. This is demonstrated as follows.

If we adjoin to Equation (1) the ! relations p = 0 and
define the (n + I)-vector z = (xT, pT)7 then z(t) satisfies

2=g(t,z) ; 2(0) = (%7, pT)7T (26)
Linearizing Equation (28) about the ith iterate z
20D = g () ZG+D 4 g _ g () 2 (27)
The solution of this equation can be written
ZGHD () = AD(8) al+D 4§D (¢) (28)
where the (n + 1) X (n + 1) matrix A satisfies
AD = g ® AP (29)
and the (n 4 I)-vector ¢® satisfies
g @D = gD P 4 g — g B 2B (30)

The objective function is
T Py Y
1= J; ”y — h(AW G+D 4 ll'(i))HZQ(t) dt (31)

which is to be minimized with respect to o %*¥, k= n 4
1, ..., n + L If the initial conditions of Equations (29)
and (30) are taken as

Mee® (0) ={ (; ’;ci,r: (32)
B (0) = { o k=n (33)
0 k>n
then Equation (28) becomes
AGHD (2) = DO (£) pl+D 4 g () (34)
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Also Equations (30) and (33) yield
P = x® (¢) — DOp (35)

Substituting Equations (34) and (35) into (31), ex-
anding h about A, mjnimizing with respect to p¢+1 —
pY, we obtain Equation (21) with e = 1. The important
point is that by the formulation of Equations (26) to (34),
using the notions of quasilinearization, Equation (21) can
be obtained.

The new algorithm has two important advantages over
ones proposed to date. First, for continuous measurements
in time, a two-point boundary value problem need not be
solved. Second, for discrete measurements, there is a sav-
ings in computing time in using Equations (12) and (16)
to (19) over Equation (28). The savings in time results
from not having to solve Equations (29) and (30), only
Equation (16).

Finally, let us examine the properties of the proposed
scheme based on Equation (21) in the vicinity of a mini-
mum of I, either local or global. For this purpose we re-
write Equation (24) as

T
I(8p) = fo [ly = BD| 2 dt

T
_ 2J; 6D (£)TQ(¢) [y — h®] dt 8p® + ||3pV||2kcor
(36)

or equivalently

T
I(Sp(i)) = ‘ Sp(i) - K(i)(T)—lj; g(i)(t)TQ(t)

. 2 T 2
[y —h®]dt || gorr + J; [ly — h®|{}2ac dt

2

T
j; oD (£)TQ(t) [y — hP1dt || xayery—1  (37)

|

Equations (36) and (37) represent an approximation to
the I surface by a quadratic function of 5p‘® in the neigh-
borhood of p®. The value of I corresponding to p® is
the second term on the right-hand side of Equation (37)
and can be denoted I‘®. The minimum of I(8p™®) occurs
at 8p® given by Equation (21) with ¢ = 1. Since the
third term on the right-hand side of Equation (37) is
positive, the value of I at the minimum of the quadratic
approximation is decreased from I by that amount. Nor-
mally, p will not be in the neighborhood of a true mini-
mum of I, so that Equation (21) provides a small step in
the direction of decreasing I by approximating the actual
I surface by the quadratic form of Equation (24). If, how-
ever, the minimum of I(8p?) occurs at an actual mini-
mum of I, then Equation (37) is exact to 0(8p™*) and
the condition which holds at the minimum is

Slomrom y—merae=0 (8

The essential difficulty with convergence to a local mini-
mum is embodied in Equation (38). Since Equation (38)
holds at a local minimum, §p® becomes zero when com-
puted from Equation (21). This is, of course, the problem
encountered with all gradient-type methods. However,
from Equation (38) we can propose a trial and error
method of probing for the global minimum of I. Local
minima in I will depend for their existence and location
on the weighting matrix Q(¢) as well as on the nature of
the system. The usual procedure to certify that one has
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found the global minimum of I is to start the algorithm
from a number of different initial guesses p‘®. If the di-
mension of p is large, this can be quite tedious. However,
if the weighting matrix Q(¢) is changed, the location and
number of local minima will, in general, change. Therefore,
we can start the iterations for our chosen Q(t) and con-
tinue until [|3p?|| is less than some criterion. Then, we
change Q(¢) such that the time-weighting of the observa-
tions is different. If the algorithm had stopped at a local
minimum, the change of Q(t) should begin the algorithm
moving again. Of course, whether the algorithm actually
proceeds to another minimum after Q(t) is changed de-
pends on the depth and curvature of the local minimum.
If the algorithm had stopped at the global minimum of I,
[|5p®|| should remain small even after Q(¢, has been
changed. In the example we illustrate this procedure.

TREATMENT OF ILL-POSED PARAMETER
ESTIMATION PROBLEMS

In this section we briefly consider the case when the
problem is ill-posed, that is, when large changes in the
parameter values cause only small changes in the objective
function, resulting in the I(p) surface being very flat.
When this situation occurs, any numerical scheme becomes
extremely sensitive to various computational errors, such
as truncation and rounding errors,

To remove these computational difficulties, we will em-
ploy the following theorem proved by Klinger (10).

Theorem
If A is normal, that is AA* = A®A, where A® is the
conjugate transpose of the matrix A, then for all ¢ > 0
[A+a(A®)"1Jx=D (39)
is better conditioned than Ax = b in terms of the P-condi-
tion number unless P(A) = 1 where
max | A |
P(A) = | ———— (40)
min | N ]

and \; are the eigenvalues of A. Applying this theorem to
Equation (21), we obtain

sp® = (KD (T)T KW (T) + ol) =1 K® (T)T .

fo " a0 )70 [y() — h(tx®)] dt (41)

where K% (T) is always normal. When the problem is ill-
posed K®(T) becomes nearly singular. (Note that K
cannot be singular because of the observability assump-
tion.) The use of Equation (41) instead of Equation (21)
can remove the inaccuracy in computing 8p® due to com-
putational errors as a result of K being almost singular,
If we choose a large value for o, compared to K'K, the
magnitude of §p® will be decreased. A more complete
treatment of ill-posed linear problems is given by Franklin
(11).

EXAMPLE
We wish to estimate p for the system
% =% (42)
X2 = — px1
21(0) =0 ;5 x(0) ==
y(t) = x(t) + (errors) 0=¢=1 (43)
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We assume that the true value of p is »2 = 9.8696044.
1
The curve of I = fo (y(t) — x1(t))2dt versus p is

shown in Figure 1 for error-free y(¢). There is a local
minimum at about p = 117 and, in fact, other local minima
not shown at larger values of p.

First, using Equation (21) with Q(¢) = 1 and « = 1,
the iterations converged to the local minimum at p =
116.1 from initial guesses of 58 and 100. This case was
run with error-free observations. Iis purpose was to confirm
the inability of an algorithm based on Equation (21) with
no change of Q(¢) to avoid a local minimum.

Next, still considering error-free measurements, the new
algorithm was used with Q(t) = 8(¢ — 0.1). Thus, only
the single measurement at ¢ = 0.1 was used as the per-
formance index, representing a severe test of the method.
The progress of the iterations are shown below.

Iteration Number p®
0 220
1 157.41
2 114.43
19 9.870083
20 9.869604

Now we proceed to the case in which the measurements
v(t) are corrupted with error. The error was produced by

y(t) = (1 + 0.2G(0,1)) sin =t (44)

where G(0,1) is a normally distributed random variable
with mean zero and standard deviation one. We already
know that with Q(¢) = 1, the iterations are likely to con-
verge to the local minimum for initial guesses higher than
38. Thus, in order to test the effect of choice of Q(t) on
convergence to the local minimum, we chose

t=03

10
Qt) = { (45)
0.1 t>03

The course of the iterations for p® = 220 and 33 were

Iteration Number p® p™® (error-free)
0 220 33
1 111.53 30.59
2 74.75 26.36
13 9.75854 9.869648
14 9.75851 9.869604

J

|

|

i |

o} 50 100 150 200
P

Fig. 1. Least square objective function for example.
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SUMMARY

A new algorithm for estimation of parameters in ordinary
differential equations has been presented. The algorithm
has the following features:

1. For continuous measurements in time, the solution
of a two-point boundary value problem is avoided.

2. For discrete measurements fewer differential equa-
tions than in the common quasilinearization algorithm need
be integrated.

3. Ill-posedness can be alleviated.

4. In searching for the global minimum of the objective
function, a simple change in the weighting matrix Q(¢)
may be faster than trying a number of difterential initial
parameter guesses.
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NOTATION

arbitrary matrix

arbitrary constant vector

(n x I) sensitivity matrix
n-dimensional vector function

(n + I)-dimensional vector function
m-dimensional vector function
identity matrix or performance index
(I X I)-observability matrix

=

TR IR T I [

I-dimensional constant parameter
conditional number of matrix A
{(m X m) weighting matrix

number of measurement points
time variables

n-dimensional state vector
m-dimensional observation vector
(n + 1l)-dimensional vector

)ﬂ

i un

VR R e T S0 TR S

Greek Letters
(n + I)-dimensional constant vector

« =

€ = constant

7 = constant

6 = (m X ) matrix

by = eigenvalues of matrix A

A = (n+1) x (n+1) transition matrix
o = constant

® = (n X n) transition matrix

¥ = (n + l) dimensional vector
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